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ABSTRACT

Thispaperintroducestwo approximationsof theKullback-Leibler
divergencefor hiddenMarkov models(HMMs). Thefirst oneis a
generalizationof anapproximationoriginallypresentedfor HMMs
with discreteobservationdensities.In thatcase,theHMMs areas-
sumedto be ergodic andthe topologiessimilar. The secondone
is a modificationof the first one. The topologiesof HMMs are
assumedto be left-to-right with no skipsbut themodelscanhave
differentnumberof statesunlike in thefirst approximation.Both
measurescanbepresentedin a closedform in thecaseof HMMs
with Gaussian(single-mixture)observation densities. The pro-
poseddissimilarity measureswereexperimentedin clusteringof
acousticphonememodelsfor thepurposesof multilingual speech
recognition.Theobtainedrecognizerswerecomparedto bothrec-
ognitionsystembasedon previously presenteddissimilaritymea-
sureandonebasedon phoneticknowledge. The performanceof
the multilingual recognizerswasevaluatedin the taskof speaker
independentisolatedwordrecognition.Smalldifferenceswereob-
servedin therecognitionaccuracy of themultilingual recognizers.
However, thecomputationalcostof theproposedmethodsaresig-
nificantly lower.

1. INTRODUCTION

The Kullback-Leibler(KL) divergencemeasurebetweenHMMs
cannotusuallybe presentedin a closedform, so variousapprox-
imationshave beenintroduced[1, 2]. Theseapproximationsare
basedon Monte Carlo (MC) methodsor simplifying approxima-
tionsthatleadto aclosedform solution.In practice,thedrawbacks
of MC techniquesarethe extensive computationalcostandslow
convergenceproperties.On the otherhand,the closedform ap-
proximationspresentedarelimited toveryspecificclassof HMMs,
e.g.HMMs with discreteobservationdensities[2]. This paperin-
troducestwo approximationsthat canbe representedin a closed
form for HMMs with Gaussianobservationdensities.

The dissimilarity measuresbetweenHMMs can be utilized
e.g. in modelselectionandclustering[1]. Parametertying tech-
niqueshave beenusedin orderto reducethe total numberof pa-
rametersin a speechrecognitionsystem. The tying techniques
take placealso when training datais insufficient or unavailable.
This concernsespeciallyembeddedsystemswherethe resources,
e.g.memory, arevery limited. Model-level tying of parameters
hasbeenappliedin trainingof multilingualphonemodels[3].

The organizationof this paperis as follows. In Section2,
theKullback-Leiblerdivergenceis definedandin addition,a brief
overview is given of the previously presentedapproximationsof
thedivergencein thecaseof HMMs. Thetwo proposedapproxi-
mationsareintroducedin the endof Section2. In Section3, the
experimentalsetupincludingspeechrecognitionsystems,speech
corpuses,unseenlanguagesandthe modelclusteringframework,
areexplained.Section4 givesanoverview of theobtainedresults.

2. DISSIMILARITY MEASURES

A well-known dissimilaritymeasurebetweentwo probabilitydis-
tributionsis theKullback-Leiblerdivergence.It characterizesthe
discriminatingpropertiesof two probabilisticmodels� and� , and
is definedas[4] ��� �
	��
����� � ����������� � ���
��� (1)

where � � �����
������� � �"!$#&% �%�'�( (2)

is thedirecteddivergencefrom � to � . In Equation2, theexpec-
tation ��� is takenwith respectto thedistribution of themodel � ,
andtheprobabilitydensityfunctionsof thecorrespondingmodels
aredenotedby

% � and
%�'

. All thedissimilaritymeasurespresented
below aredirecteddivergences.Thecorrespondingsymmetricdis-
similarity measuresareobtainedusingEquation1.

2.1. Previous approximations of the KL-divergence measure

Juanget al. studiedtheKL-divergencebetweenHMMs usingMC
simulations.Themodelswereassumedergodic,andthemeasure
wasdefinedas the meandivergenceper observation sample[1].
Themeasurewasgivenas)�+*&, � �-�.�
�/�102 �"!�#�% � �43 � �%�' �43 � � (3)

where
3 � is anobservationsequencegeneratedby model � . The

lengthof thesequenceis
2

, andthe likelihoodsgiven themodels� and� are
% � �43 � � and

%�' �43 � � , respectively. Themethodis valid
for HMMs with arbitraryobservationprobabilitydistributions[1].

Köhlerpresentedavariantof themeasuregivenin Equation3.
Tokensextractedfrom speechcorpuswereusedin theevaluation
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of themeasureinsteadof a generatedrandomsequence.Further-
more, the modelswerenot ergodic as in Equation3, but left-to-
right phonemodels.Estimateof the divergencewasdefinedasa
samplemeanof thelog-likelihooddifferencesover thetokens)�+687 � �9�.����� 0: ;< =?>A@ 02 = �"!$# % � �43 �= �% ' �43 �= � (4)

where
3 �= is the B :th token of length

2 =
correspondingthemodel� .

Someapproximationsof themeasurein Equation3 werepro-
posedandcomparedby Falkhausenetal. [2]. Theassumedergod-
icity propertyof the originally left-to-right modelswasachieved
by substitutingthe transitionsto non-emittingstatewith transi-
tions to the first emitting state. The first approximation,denoted
by �8C*D, , usedthe likelihood of the most likely statesequence.
This meansthat the likelihoods

% �43 � in Equation3 weresubsti-
tutedwith likelihoodsof themostlikely statesequences

% C �43 ���E�FHG�I % �43 	KJL� . Onlyminordifferenceswereobservedwhencom-
paringthebehavior of � *&, and� C*&, [2]. Thesecondapproxima-
tion proposedassumeddiscreteobservation densityHMMs with
similar topologies[2]. Moreover, themostlikely statesequences
of bothmodelswereassumedto beequalwith thestatesequence
that generatedthe token

3 � , i.e. JM�MJNC � �OJNC ' . It is straight-
forwardto evaluatetheobtainedmeasure,asnoMonteCarlosim-
ulationsareneededanymore.Theresultingapproximationcanbe
written in closedform as[2])� � �9���
��� <�=QP = <$RTS �="R �"!�#VU S �="RXW S '=YRKZ

� <�=QP = <\[^] �= [ �"!$# U ] �= [ W ] '= [.Z (5)

where_`�ba S ="R�c is the
:Ode:

transitionmatrixandfg�ba ] = [ c the:Odeh
observationprobabilitymatrix. Thesteady-stateprobabil-

ities
P =

of the ergodic Markov chainof model � aresolved fromi�j � i�j _ � with constraintk = P = � 0 .
2.2. Proposed approximations

The approximationin Equation5 assumeddiscreteobservation
densities.However, thelastsumtermin Equation5 is thedirected
divergencebetweenthe observation distributionsof stateB of the
models� and � . Thuswe canwrite theEquation5 in theform)� @ � �9������� <
=lP = <\R^S �=YR �m!�# U S �="RXW S '=YR Z

� <
=lP = � � ] �= � ] '= � (6)

where
] �= and

] '=
aretheobservationprobabilitydistributionsof the

models� and� in stateB , respectively. Now theonly termsthatare
dependentof the observation probability distributionsarethe di-
recteddivergencesbetweenthecorrespondingdistributionsof the
states,� � ] �= � ] '= � . TheEquation6 generalizestheEquation5 for
arbitraryobservationdensities.Theothersimplifying assumptions
madein deriving theapproximationin Equation5 remain. In the
caseof Gaussianobservationdistributions,thecross-statedirected
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Fig. 1. The possiblestatealignmentsof the models � and � are
shown asdottedlinesin (a). Thesolid line correspondsthealign-
mentof themodelsshown in (b).

divergencescanbeexpressedin a closedform as[4]� � ] @ � ] � �/��0��� �"!$#��Y� � ��Y� @ � �V���N� � @ � �e� @�1� �e� @@ ����V��� U �e� @� �4� @ � � � � �4� @ � � � � j Ze� (7)

where
�

and
�

denotethecovariancematricesandthemeanvec-
torsof thedistributions,respectively.

Theassumptionmadein deriving theapproximationin Equa-
tion 6 is thatthemostlikely statesequencesof bothof themodels
areequalto the statesequenceof the generatingmodel. The as-
sumptioncanbeconsideredrealisticwith themodel � . However,
thereis no reasonto assumethat the model � would follow the
samesequence.Let usdraw onesamplefrom theobservationdis-
tribution of B :th stateof the model � . It is easyto agreethat in
mostof the casesthe likelihoodof the generatingdistribution is
greaterthanlikelihoodsgivenby otherdistributions.This justifies
why themostlikely statesequenceof model � shouldcorrespond
thegeneratingsequencein average.In thecaseof theothermodel� , the bestlikelihoodis mostlikely given by the state-dependent
densityclosestto thecorrespondingdensityof � . This givesusa
reasonto find sucha statealignmentbetweenthemodels� and �
thatthestateswith bestmatchingdistributionscoincide.

Assumenow that thetopologyof bothHMMs is left-to-right.
The transitionsareeitherself-transitionsor transitionsto thesuc-
cessorstate.We introducenow a setof possiblestatealignments�

betweenthemodels � and � . Thealignmentsareillustratedin
Figure 1a in the caseof HMMs with threeemitting states. The
alignmentsarerestrictedsuchthat the startandendpointsof the
modelsarefixed, andoccurat the sametime. The transitionsof
model� candrift undertherestrictionthatthesegmentationof one
stateof � canbedivided into segmentsof equalduration.A new
measurecanbe obtainedfor this kind of left-to-right proceeding
modelsin thefollowing way. Thedivergencemeasureis evaluated
for eachpossiblealignmentin a similar way to Equation6, and
the alignmentis picked that producesthe minimum value. The
reasoningabove justifiesthis,asthedivergencemeasuresbetween
thestatesareminimizedwhenthecorrespondingobservationdis-
tributionsaremostsimilar. Themeasurecanbeexpressedas)� � � �9���
��� E��"��Y�$� �����8 ¢¡V£ �

@< =?>A@ �¥¤�¦ � S �¤�¦�¤�¦ �"!$# S �¤ ¦ ¤ ¦S ' § ¦ § ¦� S �¤�¦�¤¨¦ ©«ª �"!$# S �¤�¦¬¤�¦ ©AªS ' § ¦ § ¦ ©Aª �V� � ] �¤¨¦ � ] ' § ¦ � ��­ (8)

where
�

is the setof all possiblealignments
�¨® 	°¯�� . The mod-

els � and � are at states± = and ² = , respectively, at step B . The
last, non-emittingstatesof the modelsareappendedto the state
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vectors
®

and ¯ . The lengthof the alignmentsis ³��`´ �"E ® �´ �mE ¯ . The weight vector µ is definedas � = � P = W�¶ =
where

¶ =
denotesthe count of state B in statevector

®
. For example,the

valuescorrespondingthecasein Figure1b are
® � � 0 	 0 	 � 	K·\	�¸
� ,¯¹� � 0 	 � 	 � 	K·\	�¸
� and µº� � P @ W � 	 P @ W � 	 P8� 	 P�� � .

Theapproximationin Equation8 canbeevaluatedfor HMMs
with differentnumberof statesunlike theapproximationin Equa-
tion 6. In bothEquation6 and8 thedirecteddivergencemeasure
betweenstate-dependentobservationdensitiescanbeexpressedas
in Equation7 if theobservationdensitiesareGaussian.

3. EXPERIMENTAL SETUP

Thedissimilaritymeasureswereexperimentedin thetaskof acous-
tic phonememodelclusteringin thetrainingof multilingualspeech
recognitionsystem.Theperformanceof theresultingspeechrec-
ognition systemswas evaluatedin speaker independentisolated
wordrecognitiontask.SpeechDat(II)databasesof thecorrespond-
ing languagswereusedin both trainingandtestingof the recog-
nition systems[5]. The testsetconsistedof 4000isolatedwords
spokenby totalof 1000speakers.Thetestvocabularyfor eachlan-
guagehadapproximately200wordsincludingapplicationwords,
isolateddigits andforenamesurnamecombinations.During rec-
ognition, only the vocabulary of the target languagewassetac-
tive. Thetrainingsetconsistedof 4000phoneticallyrich sentences
for eachlanguage.The testandtraining setssharedno common
speakers.Thetrainandtestsetshavebeendescribedin moredetail
in [6].

The languagedependent(LD) baselinerecognitionsystems
weretrainedfor thesevenlanguagesshown in Table3. Theserec-
ognitionsystemsconsistedof 31 to 51 monophoneHMMs. Two
extra modelswere usedto model silenceand short pause. The
short pausemodel was a single-statemodel tied to centerstate
of silencemodel. All the othermodelshadthreeemitting states.
Theemissionprobabilitydensityfunctionsweremixturesof eight
Gaussiandensitieswith diagonalcovariancematrices.Themodels
weretrainedusingtheembeddedBaum-Welchre-estimationfrom
flat start [7]. The multilingual (ML) recognitionsystemswere
trainedusingthe training datasetsfor the five sourcelanguages:
German,English,Spanish,FinnishandItalian. Thetrainingproce-
durewasidenticalto theoneof theLD recognizers.Thelabelfiles
andthedictionarywerechangedto correspondthephoneclusters
of eachsystem.

Thespeechmaterialwasparametrizedusinga mel frequency
cepstralcoefficient (MFCC) front-end. Featurevectorconsisted
of 13 cepstralcoefficientsof which the zeroth, »½¼ , wasreplaced
with frameenergy. Thefirst andsecondtime derivativesof theel-
ementswereappendedto the featurevector. Meannormalization
wasappliedto theelementsof the featurevector[8]. In addition,
thevarianceof theenergy coefficient andits derivativeswerenor-
malizedasdescribedin [8].

3.1. Knowledge-based ML recognition systems

The multilingual recognitionsystemSAMPR was basedon the
methodIPA-MAP describedin [3]. Thephonemesof differentlan-
guageswereclusteredaccordingto theirphoneticsymbol.Thede-
rivedSAMPRsystemhadatotalof 105multilingualphonemodels
correspondingall theuniqueSAMPA symbolspresentwithin the
databasesof thefive sourcelanguages.

Table 1. Mappingof the new phonemesof the two unseenlan-
guages.In Swedishthe new retroflex consonantphonemeswere
split into separatephones,e.g./rn/ ¾ /r/ /n/.

French

/e˜/ ¾ German /E/ /N/
/9˜/ ¾ German /9/ /N/
/R/ ¾ German /r/
/H/ ¾ Finnish /y/

Swedish

/9:/ ¾ German /9/
/ ¿ :/ ¾ Finnish / ¿$¿ /
/ À :/ ¾ English /u:/
/u0/ ¾ English /U/

The knowledge-basedrecognitionsystem,referredto asKB,
wasobtainedwith straightforwardsimplificationsof thephoneme
clusterdefinitionsof SAMPR.Therecognitionsystemhadno ex-
plicit modelsfor longvowelsanddoubleconsonants.Suchphones
werereplacedwith two singleones,e.g./e:/ and/ee/ ¾ /e/ /e/. In
addition,thegeminateaffricatesin Italian languagewerereplaced
with theprecedingplosiveandthefollowing affricate,e.g./ddz/ ¾
/d/ /dz/. This way the total numberof phonemodelswasreduced
to 64 from thestartingpoint of 105.

3.2. ML systems based on dissimilarity measures

Theclusteringbasedondissimilaritymeasureswasperformedus-
ing agglomerative clusteringalgorithmwith completelinkagecri-
terion[9]. Thesymmetricdissimilaritymeasures

)�
wereobtained

accordingto Equation1 from thecorrespondingdirectedmeasures)� . The measures
)� @

and
)� �

were used. In addition, the mea-
sure

)� 6�7 was used,but the full likelihoodswere approximated
with thelikelihoodsof themostlikely statesequences.This mea-
sureis referredto asSP1. Thesemeasureswereevaluatedusing
phonememodelswith Gaussiandensities. Thesesingle-mixture
modelswerederived from the training procedureof the LD rec-
ognizers,just beforesplitting the Gaussianobservation densities
into mixturesof Gaussians.TheSPdissimilaritymeasurewasob-
tainedalsowith thefinal LD phonemodelswith 8 mixtures.This
measureis referredto asSP8.

The estimatesof the SPmeasureswereobtainedusingup to
1000tokensperLD phonememodel.Thesetokenswereextracted
from trainingspeechmaterialaccordingto phonelevel segmenta-
tion of theutterances.ThesegmentationwasperformedusingLD
recognitionsystems.The phonememodelswith insufficient data
for estimatingthe measures(under50 tokens)werenot included
in theclusteringframework. Instead,they wereassignedmanually
to the bestmatchingcluster. In addition,the clusteringwascon-
strainedsuchthatphonememodelsof thesamelanguagewerenot
allowed in a samecluster. This procedurewasappliedidentically
alsowith thedissimilaritymeasures

)� @
and

)� �
.

3.3. The unseen languages

Thereweretwo unseenlanguages,FrenchandSwedish,included
in thetests.They areunseen,for nodatafrom theselanguageswas
usedin trainingof any of themultilingual recognizers.Thetying
of thephonemesof theselanguageswasbasedonphoneticknowl-
edge.Eachphonemewastiedexplicitly to onelanguagedependent
phonememodelof the five sourcelanguages,e.g.French/@/ ¾
English/@/. Then,beforeperformingthetest,eachphonemewas
mappedto amultilingualphonemodelaccordingly. Thistyingwas
thesamewithin all theML recognitionsystemsevaluated.Thety-
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Table 2. Normalizedvaluesof dissimilaritymeasuresbetweenEnglish/i:/ anda setof models.

Dissimilarity English German Spanish

measure /I/ /eI/ /e/ /m/ /i:/ /I/ /e:/ /m/ /i/ /e/ /m/

SP8 0.2165 0.2957 0.8355 0.9120 0.2319 0.2975 0.3717 0.9036 0.1887 0.4778 1.0398
SP1 0.2051 0.2787 0.8727 0.8973 0.2433 0.2295 0.3026 0.9836 0.1939 0.4406 1.1032)� @

0.2335 0.3077 0.7803 0.7496 0.3190 0.1962 0.1929 0.8172 0.3258 0.3784 0.9694)� �
0.2993 0.3771 0.8730 0.8934 0.4067 0.2381 0.2473 0.9579 0.3568 0.4777 1.0932

Table 3. Averageword recognitionrates.

Recognition Numberof Languagesin multilingual trainingset Unseenlanguages

system phones German English Spanish Finnish Italian Avg. French Swedish Avg.

LD 303 83.32 78.40 95.78 95.35 92.07 88.98 82.77 85.29 84.03

SAMPR 105 79.60 63.38 94.55 92.30 93.18 84.60 49.73 69.52 59.62
KB 64 79.07 59.67 93.22 91.07 92.68 83.14 50.03 66.27 58.15
SP8 64 76.85 64.53 93.30 90.55 92.10 83.47 54.80 65.54 60.17
SP1 64 80.12 63.00 93.00 90.97 92.00 83.82 56.50 68.82 62.66)� @

64 78.10 65.75 91.28 89.40 89.10 82.73 46.72 66.54 56.63)� �
64 78.60 64.43 91.45 90.05 91.75 83.26 54.77 66.68 60.73

ing of theSAMPA symbolsnotpresentin themultilingual system
is shown in Table1.

4. RESULTS

In Table 2, the normalizedvaluesof the dissimilarity measures
are shown betweenEnglish /i:/ and a set of phonesfrom three
languages.The normalizationappliedis suchthat the meandis-
similarity betweentwo modelsis one. Therewasno notabledif-
ferencebetweenthe normalizeddissimilarity valuesobtainedus-
ing Gaussian(SP1)or eight-mixtureGaussian(SP8)observation
distributions. Theminimumdissimilarityvaluewasachieved be-
tweenEnglish/i:/ andSpanish/i/ whenmeasuresbasedonspeech
data(SP)wereused.German/e:/ and/I/ werethe bestmatching
phoneswhen the approximations

)� @
and

)� �
were used,respec-

tively. Themostdissimilarmodelfrom thesetshown wasSpanish
/m/, accordingto all themeasuresevaluated.

Therecognitionperformancesof theLD andML speechrec-
ognitionsystemsareshown in Table3. Thedegradationfrom lan-
guagedependentrecognitionsystemsinto 105modelSAMPRsys-
tem wasmoderatewithin the languagesin the training setof the
ML recognizers.The further reductionof the performancewas
smallwhenthenumberof modelswasdroppedinto 64 in theKB
system. The recognitionsystemsbasedon computationalmodel
tying (

)� @
,
)� �

andSP)canbeconsideredcomparableto theknowl-
edgebased(KB) system.Thesystembasedon approximation

)� �
hascomparableperformanceto theKB andSPsystems.Therec-
ognition resultsof theunseenlanguagesweresignificantlylower
comparedto thecorrespondingLD systems,especiallyfor French.

5. CONCLUSIONS

Wehavepresentedtwo approximationsof theKullback-Leiblerdi-
vergencemeasurefor HMMs, andexperimentedthemin the task
of acousticmodeltying. Theapproximationscanbepresentedin

closedform in the caseof Gaussianobservation densities. The
proposedmeasuresshowed to be applicablein the task of clus-
teringacousticphonememodels,andonly minordifferenceswere
observed in recognitionperformancecomparedto previously pre-
sentedtechniques.The computationalcostsof the proposeddis-
similarity measuresaresignificantly lower than of the measures
estimatedfrom speechtokensor generatedrandomsequences.
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